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4B-1: Exponential Equations and Log Properties 
Exponential Equations of Base 10 and Exponential Equations of Base 10 and Exponential Equations of Base 10 and Exponential Equations of Base 10 and *    
Fundamental Relationship:Fundamental Relationship:Fundamental Relationship:Fundamental Relationship:  The fundamental connection between logarithms and exponentials is 

If     01 = 3, then     log5 3 = 6 
 
This means that finding log5 3  is equivalent to asking the question: 

"9ℎ;< =>?@A >B 0;C@ 0 DC E@@F@F <> G@< <ℎ@ H;IJ@ 3? " 
So, the log is the power!the log is the power!the log is the power!the log is the power!    
Logarithmic IdentitiesLogarithmic IdentitiesLogarithmic IdentitiesLogarithmic Identities 
Since the logarithm is the power of base 0 needed to produce 6, we have the itentities: 

0MNOP 1 = 6, ;EF       log5 01 = 6 
 
Example.  Solve the following exponential equations using the logarithmic identities above.  Use 
substitution to check your answer.

 
a) 101 = 110 

6 = logT110) ≈ 2.041 
 
 

b) 101 = 0.005 
6 = − I>GT200) ≈ −2.301 
 

 
c) 3T101) = 213 

6 = I>GT71) ≈ 1.851

 
d) 10Z1 = 0.5 

6 = I>GT. 5)
4 ≈ −0.075 

 
e) @1 = 23 

6 = IET23) ≈ 3.135 
 
 

f) 2@1[\ = 24 
6 = IET12) − 2 ≈ 0.485 

    

Properties of LogarithmsProperties of LogarithmsProperties of LogarithmsProperties of Logarithms    
Exploration  Use your calculator to approximate a solution to each of the following. 

a) logT3 ⋅ 5) = b) log 3 + log 5 = 

c) log _`
ab = d) log 3 − log 5 = 

e) log 3a = f) 5 ⋅ log 3 = 
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We notice that there are some similar answers above, so let’s explore more.  Let  
log5 e = =, ;EF    log5 f = g. 

Which implies  
e = 0h, ;EF     f = 0i 

Let’s find equivalent forms of these equations by changing them to exponential equations. 
log5Tef) = 3        
 
 

log5
j
k = 3        

 
 
log5 el = 3  
 
    

Properties of LogarithmsProperties of LogarithmsProperties of LogarithmsProperties of Logarithms    
Let 0, m, and n be positive real numbers with 0 ≠ 1, and p a 

Product Rule: Product Rule: Product Rule: Product Rule: log5Tef) = log5 e + log5 f 
Quotient Rule: Quotient Rule: Quotient Rule: Quotient Rule: log5

j
k = log5 e − log5 f 

Power Rule: Power Rule: Power Rule: Power Rule:   log5 el = p log5 e 
Where 0, m, and n be positive real numbers with 0 ≠ 1, and p is any real number. 

 
 
Change of Base Formula for LogarithmsChange of Base Formula for LogarithmsChange of Base Formula for LogarithmsChange of Base Formula for Logarithms    

log5 6 = logs 6
logs 0 

Example  Use the change-of-base formula to evaluate the following to 3 decimal places.  Check your answer 
by evaluating the power. 

a) log\ 5 = MNO a
MNO \ = Mt a

Mt \ ≈ 2.322 
 
 

b) loga 130 = uvw x`y
uvw a = uz x`y

uz a ≈ 3.024 
 
 

c) loga 2 = uvw \
uvw a = uz \

uz a ≈ 0.431 
 
 

d) logy.a 4 = uvw Z
uvw y.a = uz Z

uz y.a = −2 
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ExercisesExercisesExercisesExercises    
Solve the following using Logarithmic Identities. 

1. 101 + 5 = 90 
{ = |}~T��) 
�. ������������� 

    
2.  5T101) = 200 

{ = ���T��) 
�. ������������ 

 
3. 3T@1[x) = 17 

{ = �� ���
� � − � 

�. �������������    
4. 4@\1 − 3 = 9 

{ = ��T�)
�  

�. �������������    
Use the change-of-base formula to evaluate the 
logarithm. 

5. log` 30 = 
3.0959032742894 

6. log� 30 = 
1.7478696965085 

7. logy.a 15 = 
−�. �������������    

8. logy.\ 20 = 
−�. ������������� 

Solve each equation algebraically. Get a numerical 
approximation for your solution and check it by 
substitution. 

9. 51 = 512 
{ = � |}~� � 
�. ������������� 

    
10. 3a1 = 100 

6 = 2 log` 10
5  

�. ������������� 
11. @1 = 217.5 

6 = IET217.5) 
5.3821988505287 

 
 
 

12. 2.51 = 300 
{ = ����.� ��� 
�. �������������    

13. 4T51) = 210 
{ = ���� ����

� � 
�. ������������� 

    
14. 41[x − 2 = 10 

{ = ���� ��
� − � 

�. ������������� 
    

15. 4�1 +. 251 Z⁄ � = 40 
1 +. 251 Z⁄ = 10 
. 251 Z⁄ = 9 
6
4 = log.\a 9 
{ = � ���.�� � 
{ = −�. �� 
 

The formula for interest that is compound 
continuously  is � = e@��, where �=final 
amount, e=starting amount, A=interest 
rateTas a decimal), and <=time in years. 
 
Find the missing variable. 
16. � = $200, e = $100, A = 2.3%   

 
200 = 100@ .y\`� 
< = 1000 IET2)

23  
30.1368339373889 

 
17. � = $3000, e = $100, < = 30 

3000 = 100@`y� 
A = IET30)

30  
0.1133732460554 


