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9D: Multiple-Angle Identities

Exercises

1. Use the appropriate sum or difference identity to prove the double-angle identity.
cos 2x = cos? x — sin x

cos 2x = cos(x + x)
= COSX COSXx — sinx sinx
= cos? x — sin?x

2. Use the result from #1 to show the following:
cos2x = 2cos?x —1

cos2x = cos? x — sin® x
= cos?x — (1 — cos? x)
=cos?x — 1+ cos?x
=2cos?x—1
2 x in terms of cos 2x
cos2x = 2cos’x—1

3. Use the result for #2 to derive a formula for cos

cos2x + 1 =2cos?x
cos2x +1

2
= cos“x
2

4. Finally, use the result from #3 to derive a formula for cos (g) in terms of cos u.

(Hint: begin by letting x = g.)
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Find all the solutions to the equation in the interval [0,21)

5. sin2x = cosx
2sinx cosx = cosx
2sinxcosx —cosx =0
cosx(2sinx—1) =0
cosx =0, or 2sinx—1=0
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6. cos2x =sinx
1 —2sin?x = sinx
0 =2sin®x +sinx — 1
0= 2sinx —1)(sinx + 1)

0=2sinx —1, or 0 =sinx+1
1
sinxzz, orsinx = —1
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7. cos?x + cosx = cos2x
cos? x + cosx = cos 2x
cos?x +cosx =2cos?x—1
0 =cos?x—cosx—1
Consider the equation 0 = y2 —y — 1, where y = cosx. Using the quadratic formula:
_—EDEYED? 4D 14V5
y= 2(D -T2
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= 1.62 = no solution

Cosx =

1-+/5

cosx = = —.6180 = x = cos™1(—.6180) ~ 128.17°

There is another answer! ... x = 360 —128.17 = 231.83°

8. Write the expression as one involving only sin 8 and cos 6.
sin26 + cos 30

sin2x + sin3x = 2sinx cosx + cos(x + 2x) = 2 sinx cosx + cos x cos 2x — sin x sin 2x
= 2sinx cos x + cos x (cos? x — sin? x) — sin x (2 sin x cos x)
= 2sinx cosx + cos3 x — sin? x cos x — 2 sin? x cos x
= 2sinx cosx + cos3 x — 3sin® x cosx



Prove the identity.

9. sin4x = 2sin2x cos 2x
sin(4x) = sin(2(2x))
= 2sin(2x) cos(2x)

10. 2 csc2x = csc? x tan x
2 csc2x = csc? xtanx

2 1 sinx
sin2x sin?x cosx
2 1
2sinxcosx sinxcosx
1 1

sinxcosx sinxcosx

11. sin3x = (sinx)(4 cos? x — 1)
sin(3x) = sin(x + 2x)
= sinx cos 2x + cos x sin 2x
= sinx (2 cos? x — 1) + cos x (2 sin x cos x)
= sinx ((2 cos®x — 1) + 2 cos? x)

= sinx (4cos?x — 1)

Use half-angle identities to find an exact value without a calculator.

12. sin 15° (answer will be positive because the angle is in first quadrant.)
1 -2

_ /30 1 —cos30 5 2—-v3 J2-+3
sin15 = sin <7> = > = = =

2 4 2
13. cos 75° (answer will be positive because the angle is in first quadrant.)

1+(- %)
2)_[2-V3_V2-3

2 4 2

150
cos 75° = cos( > ) =

14. tang (answer will be positive because the angle is in first quadrant.)

T V2
T T 1—cos(—) 1—-= 2 2-1
tan— = 4 |- 4/ _ 2 N2 _ — V7 —
an— = tan = T = . = =v2-1
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