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5A: Integrating Transcendental Functions

So, we have learned what it means to integrate a function and how it applies to the area between a curve

and the x-axis. We have also learned how to integrate many different functions using antiderivatives. So

far we have used two basic types of anti-derivative rules:

xn+1

n+1

e Power Rule: [ x™dx =

n+1
e General Power Rule: [ ((n — Du™ )uldx = =

e Trig. Rules: [ sinx dx = cosx, etc

n+1

We also have a couple theorems and techniques to help us find definite integrals and work with more

complex functions

e First Fundamental Theorem of Calculus f: f(x)dx = F(b) — F(a)

e U-Substitution

Natuaral Logarithms and Integrals

The Natural logarithm is a

DEFINITION OF THE NATURAL LOGARITHMIC FUNCTION

function that is actually defined
by an integral. The definition is

The natural logarithmic function is defined by

here to the right. Inx = rl dt. x> 0.

1 F
Graphically, we see that the The domain of the natural logarithmic function is the set of all positive real
shaded area below is the value numbers.

of the natural log.

Now , it would be nice if there was a number that you could substitute

4t for this x in In x that would equal exactly 1. There is! This is the natural
y :% number e.

3T ) o DEFINITION OF ¢

P fx>1,), %dt >0. Earlier in the year, we The letter e denotes the positive real number such that

learned that the

L1
log function is o

derivative of the natural

]ne:fldr: 1.
1

THEOREM 5.3 DERIVATIVE OF THE NATURAL LOGARITHMIC FUNCTION

1. E[

1
Inx] = o

Let u be a differentiable function of x.

d |
x>0 Z.dx[lnu]—u Pl >0




This definition brings us to Log rule for THEOREM 5.5 LOG RULE FOR INTEGRATION

Integration to the right.

Let u be a differentiable function of x.

This resolves the problem that the power 1 Jl dr = Inx| + C 5. fl du=1n|u| + C
rule cannot solve. * u

0
That is, f% dx =[x tdx # % + C as the power rule would imply.

Try These: Evaluate the Integrals

a) f;dx b) f2x+1

x2+x

<) f cos x
sin x

As we can see in problems (b) and (c), if the numerator is the derivative of the denominator, the we can
quickly integrate using this general log integral rule:

ul
f—dx=ln|u|+C
u

Integrals of Exponentials

When studying derivatives, we THEOREM 5.12 INTEGRATION RULES FOR EXPONENTIAL FUNCTIONS

a4 x _ _x X ;
found that dx e” =e”. Sincee”is Let u be a differentiable function of x.

the only function that is its own

. . I . X = g¥ o) u — ol
derivative, it is also its own L Je dx=e+C 2 J" du=e“+C

antiderivative.

Try It: Find the integrals

a) foe"2 dx b) fo dx
(hint: 5 = e!"%)



Using the properties of exponents and logarithms, we can write any exponential expression in terms of e.
Ina —

e =a

This gives us the rule:

a*dx = (L)ax + C
Ina

You can remember this new integral rule, or remember the change of base property above and use u-
substitution.

Integrals of Trig. Functions

Now we can use the integral of logarithms to find the integral of trig. ratios. You are familiar with these:

fsinxdxz—cosx+c, fcosxdx=sinx+c.

Let’s consider the other trig ratios.
Try It: Evaluate the integrals using trig identities to rewrite.

a) ftanx dx b) fcotx dx

(secx+tanx)

c) (hint:  multiply by (Secxttann) ) d) fcscx dx

f secx dx

INTEGRALS OF THE SIX BASIC TRIGONOMETRIC FUNCTIONS

Isinudu=—cosu+c Jcosudu=sinu+c

Ilanudu = —In|cosu| + C [coludu = In|sinu| + C

fsec u du

In|sec u + tan u| + C fcscudu— —In|escu + cotu| + C



Integrals of Inverse Trig. Functions

When finding the derivative of an inverse, we have this rule to remember:

Derivative of Inverse Theorem
| . . ’ _ 1
If g(x) = f~*(x) is the inverse of f(x) then we have g'(x) = 1)

1 1
cos(arcsin(x)) ~ Vi—x2 X

d
So,

= [arcsin(x)] =

Using the triangle to the right.

v1-—x2

The other inverse trig derivatives were found
the same way

THEOREM 5.16 DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS

Now, we need to reverse this to
find the antiderivatives. - - -
Let u be a differentiable function of x.
When we do this, we notice that 4 Laresinu] = —~ 4 larccos u]
.. . dx V1 —u? dx

half of these derivatives are just p y
the opposite of each other, so we 2 Larctan u] = 1——5
choose to use the left column for d u

i . ; o [arcsec u] = T
antiderivatives [u| Vu* = 1

% [arccot u] =

% [arcese u]

+

—u
V1 —u?

_u
1 + u?
_—u
|u| Vu? — 1

THEOREM 5.17 INTEGRALS INVOLVING INVERSE TRIGONOMETRIC
FUNCTIONS

Let u be a differentiable function of x, and let a > 0.

d , d 1
1. 7“ — arcsin = + C 2. % — Larctan 4 €
Jat — u? a a+u a a

3. J% =larcsecM+ C
uJur — a a a

Try it: Evaluate the integrals.

a) 1
f\/16—x2 ax

b) f 4
75162 &




BASIC INTEGRATION RULES (a > 0)

1. jkf(u) du = kﬁf{u) du 2. f[f(u) + glw)] du = fﬂu] du + jg(u) du
uJ!'I"
3.fdu=u+C 4.fmdu= +C, n#—1
n+ 1
5. f%=ln|u|+£‘ 6. fe"du=e“+€
7. Jﬂ"du = (L)a" + C 8. Jsinudu = —cosu + C
Ina
9. Jcosudu=sinu+€' 10. Jtanudu= —Injcos u| + C
11. jcotud’u = In|sinu| + C 12. jscc udu=In|secu + tanu| + C
13 fcscudu=—]rl|cscu+cotu| +C 14. fmzudu=tmu+c
15. jcmzudu=—cmu+c 16. jseculanudu=secu+£’
17. |cscucotudu = —cscu + C 18 L=m‘csin£+€
. o 7 =
du 1 u du 1 u|
19.ja2+u2—amtma+c Zo.jum—amseca+C
BASIC DIFFERENTIATION RULES FOR ELEMENTARY FUNCTIONS
d ’ d o ’ i _ ’ ’
1. a[(;u] = cu 2. dx[u +v]l=u'xv 3. dx[w] uv’ + vu
d|u v’ — uv’ d d
g SjE M 5. 5[c1=0 6. <[] = nu—u’
a’.x[v] 72 ] el = el
drq_ don— Aoy
7. dx[x] = 8. afx[l“l] Tl (w), u+0 9. dx[ln u) »
i | — pit gt i = L i u] — Uy, !
10. dx[e 1= e*u 11. dx[logau] = (nau 12. dx[a 1 = (In a)a*u
13. i[sin u] = (cos u)u’ 14. i[cos u] = —(sin u)u’ 15. i[tan u] = (sec® u)u’
dx dx dx
16. i[Cc;)t u] = —(csc2u)u’ 17. i[sec u] = (sec u tan u)u’ 18. i[csc u] = —(cscucotu)u’
dx dx dx
d . _ u’ d . —u' d _ !
19. dx[arcsm ul = —— 20. dx[arccos u] = Wi 21. dx[arctan u] = T+ 2
22. %[arccot u] = 1_+uu2 23. %[arcsec ul = Muﬁ 24, %[arccsc u] = |u|_u+—l



